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Nematic Liquid Crystals 
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By accounting for two-particle interactions using director fluctuation theory, short- 
range correlations are shown to have a negligible effect on the permittivity of a nematic 
liquid crystal. An expression for the permittivity is obtained neglecting all correlations, 
and is shown to predict the refractive index of PAA at least as well as earlier theories 
in which special assumptions were made. 

Keywords: liquid crystal fluctuations, permittivity, refractive index, theory 

1. INTRODUCTION 

In order to determine the dielectric properties of a liquid crystal from 
its molecular characteristics it is necessary to use a model for the 
internal field and several such models have been proposed. * However, 
of the recent models which include the anisotropy of the internal 
field,2,3*4 only that of Bordewijk and de Jeu,s*6 accurately predicts 
the observed temperature dependence of the refractive index. From 
the statistical mechanical expression for Q,’ it is clear that this latter 
empirical formula corresponds closely to the assumption that the 
molecules are totally correlated, i.e. that they are all oriented at the 
same (variable) angle to the director. 

In this paper we investigate the degree to which the dielectric 
permittivity Q of a nematic liquid crystal is affected by short-range 
(non-electrostatic) orientational correlation of its molecules (a feature 
which is ignored in mean field theories). This is done by evaluating 
the term in Q which accounts for two-particle interactions using Fa- 
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ber’s continuum (this theory describes both director fluc- 
tuations and short-range correlations) and inferring from this the 
effect of local ordering in general. 

We find that, for a reasonable spatial pair-correlation function, the 
effect of short-range orientational correlation is rather small and may 
be neglected. Therefore it is possible to obtain an expression for E 

from the statistical mechanical series expansion by assuming the mo- 
lecular orientations to be uncorrelated. Surprisingly perhaps, the re- 
sulting formula yields refractive index values for the liquid crystal 
PAA which agree closely with those predicted by the totally corre- 
lated expression. Since the former formula was derived in a semi- 
rigorous fashion, this may be seen as a justification for the completely 
empirical formula of de Jeu and Bordewijk.6 

The paper is organised as follows. First the form of the pair-cor- 
related terms is determined in section 11, from an expression for E. 

This expression relates Q to averages of molecular quantities and is 
a generalisation of a method derived by Bordewijk and de J ~ u . ~  In 
sections 111, IV and V we evaluate the two-particle term and consider 
the approximations involved in this. In section VI we calculate the 
averages appearing in the expression for E, assuming no short-range 
correlations, and in the final section the numerical results for the 
refractive index of PAA are shown to be close to those obtained in 
Reference 6. 

S. L. ARAMBEPOLA and K. D. LEAVER 

II. THE PERMllTlVlTY EXPRESSION 

An expression for the dielectric constant, E, of an isotropic liquid in 
terms of averages of the polarisabilities and permanent dipole mo- 
ments of its molecules (a generalisation of the Kirkwood-Frohlich 
equation) has been derived by Bordewijk.lo Bordewijk and de Jeu 
have shown how these averages m y  be evaluated if a particular 
internal field factor is a ~ s u m e d . ~ . ~  Without making special assump- 
tions about the internal field we will use their method to obtain an 
equation for Q. 

From Reference 5 ,  the dielectric constant is given by 
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SHORT RANGE CORRELATION 315 

and the induced moment of the ith dipole due to the external field 
(i.e. for fixed positions and orientations of the molecules) is 

p' = a' C Ak[e + (I - E)W]-'E 

The sample is taken to be a sphere of volume V embedded in a 
dielectric of the same permittivity, the surroundings being treated as 
a continuous medium. The subscripts 11 and I refer to directions 
parallel and perpendicular to the macroscopic director respectively, 
Wk is a geometrical factor depending on e,{el and the subscript 0 
indicates that the average is taken for zero external field. pi is the 
permanent dipole and OL; is the polarisability of the ith molecule. A is 
a 3n-dimensional tensor A = (I + OL T')-* which accounts for the 
increase of each dipole due to the effects of the rest of the medium 
(see Reference 5) and A'' is its projection on the product of the i and 
j subspaces. E and E, are the Maxwell fields in the surrounding die- 
lectric and inside the sample respectively. ZjAj' is obtained by equat- 
ing the right-hand side of (2) to an expression for the polarisation of 
a dipole in the same sample, but with the permanent moments set 
to zero, for the same Maxwell field. This is done in Reference 5 by 
using an independently obtained internal field factor. More generally, 
for given positions and orientations of the molecules, the induced 
polarisation can be obtained from that of the sphere in vacuo. In this 
case the external field E, for a Maxwell field inside the sample E, is 
given by E, = (21 + ~ $ 3  E, and therefore 

[y] E, 

where Ti' is the vacuum I ipole propagation tensor. Cleai-y, for the 
case of total correlation of orientation of the molecules, the average 
value of p i  is equal to that derived in Reference 6. However the 
expression before averaging is different because equation (3) assumes 
the external field E,, and not the Maxwell field E, to be uncorrelated 
with the molecular orientations. 
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316 S. L. ARAMBEPOLA and K .  D. LEAVER 

Since (3) holds generally for fixed molecules and a given Maxwell 
field E,, as in Reference 5 we can equate it to equation (2) and so 

(21 + [c + (I - c)W] [c + (c, - c ) W ] - ’  
3 

Therefore from (1) 

This reduces to the Kirkwood-Frohlich equation’ in the isotropic case. 
The averages in equation (4) may be calculated straightforwardly 

in the limiting cases of total orientational correlation and no orien- 
tational correlation (see section VI below), but an exact general eval- 
uation would involve second, third and higher order particle corre- 
lations and is prohibitively difficult. In order to estimate the effect 
of short-range correlations we consider in the following sections how 
we may evaluate approximately the two-particle orientational aver- 
ages. 

111. THE PAIR CORRELATION TERM IN THE PERMITTIVITY 

In this section we will consider the terms on the right-hand side of 
equation (4) which contain only orientational correlation of two par- 
ticles. By making certain assumptions these can be expressed in a 
simple form and may then be evaluated using Faber’s continuum 
theory. 

Since there is no long-range translational ordering in the nematic 
phase, we will ignore third and higher order positional correlation 
and express all positional averages in terms of the spatial pair cor- 
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SHORT RANGE CORRELATION 317 

relation function g, (R,ni, nj). (Here R is the intermolecular sepa- 
ration and ni is the director at the positibn of the ith molecule). In 
this approximation we may consider the contribution to the polar- 
isation from the ith molecule. For each position of the j* molecule 
we take for its orientation the average value given the position and 
orientation of the ith molecule. Thus, for example, we assume g, = 
g, (R,n',nj(R,n')) = g(R,n'). Using this we replace the moment of 
the jth molecule by its average value over all positions. Finally, we 
average over the positions and orientations of the ith molecule. We 
will assume also that, with respect to axes fixed in the ith molecule, 
g is independent of the orientation of i. l1 The first orientationally 
correlated term is: 

(since pi is independent of R for given n') where R = IRI, R = R/ 
R, - and ( ) denote a positional and orientational average respectively 
and e is the unit vector in the direction of the applied field (11 or I). 
The integration is performed over volumes V1 and V,  as shown in 
Figure 1, where R2 is large enough for short-range correlation to be 
neglected in V,. For a spherical sample the integral over V,  vanishes. 

We will use axes fixed in the ith molecule, with one axis parallel 
to the molecular long axis (i-axes). Then g = g(R) and we assume 
further that g is independent of the azimuthal angle QR. As in con- 
tinuum theory we take the correlations to be isotropic, therefore in 
equation ( 5 )  only RR has any tpR dependence and when this tensor 
is expressed in i-axes the contributions from its off-diagonal elements 
vanish because of the qR integration. Therefore by rotation of uniaxial 
tensors the average on the right-hand side of (5 )  is 

+ A(pz(I - 3R2))n'ni] [a,I + Aanjnj])d3R (6) 

where a, pp = pz and R R  = R2 are referred to axes fixed in the 
molecule. (The molecule is assumed to be rotating about its long axis 
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318 S. L. ARAMBEPOLA and K. D. LEAVER 

FIGURE 1 Integration volumes V, and V,. 

so we treat pp as a uniaxial tensor) Aa = all - a, and similarly for 
A(p2 - ( I  - 3 a?).) From (6) the only term in H which depends 
on short-range correlation is 

J = Aa( pi + $) I”, d3R g 3 (R) (1 - 3%i)(nini nJni) (7) 

In the next section we will use continuum theory to evaluate this 
integral. 

IV. EVALUATION USING FLUCTUATION THEORY 

In Faber’s continuum theory8 orientation dependent averages may 
be expressed (in the Random Phase Approximation R.P.A.)) in terms 
of the sum of the director fluctuations X defined in Reference 8 and, 
if the orientations of two molecules are involved, a factor a(R) in- 
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SHORT RANGE CORRELATION 

dicating the lack of correlation at separation R: 

319 

a(R)  = Iff' (1 - 7 ) d q  sin qR 
4 c  

27F 
for minimum fluctuation wavelength - 

4 c  

The parallel and perpendicular components of J may be evaluated 
using:* 

and 

U V l S 2  
2 4 1 2 3 3  (sine' cos$ cos8'' sine' coscp) = - - - + - - - + - R e C  

respectively, where the polar angles of n' are 8',(p' with respect to the 
fixed frame and 8'' is the angle between ni and n', Q = $(3 cos2 0'' 

is a normalised spherical harmonic) and U, Q, V and C can all be 
obtained from differential equations in X. 

In Figure 2 we show J,,  = Jv, (g(R)/R3) (1 - 3%i) U ( R )  d3R as a 
function of the order parameter S, limiting our consideration to high 
values of S for which the R.P.A. should be valid. We have taken 

- I), v = (COS~ ~ ' C O S ~  ej) ,  c = 4T/5 ( ~ ~ ~ ( e i , q i )  ~ ; ~ ( e j , ~ p ' ) ) ,  (y2,(e,(p) 

0 if R E E  
1 if R g E  

where E is the set of points in a spheroid with the long molecular 
axis as its major axis. The ratio of the major to minor axis b,/b, is 
2.4, and we have assumed this to be independent of temperature. 
The error introduced by this approximation is likely to be small as 
we are considering a small temperature range and additionally there 
is short-range correlation of anisotropic molecules even in the iso- 
tropic phase." Changing bl/b, to e.g. 1.8 appears to make no quali- 
tative difference to J , , ,  which is not surprising in view of the isotropy 
of a. 
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320 S. L. ARAMBEPOLA and K. D. LEAVER 

\\Totally correlated 

E 0.11 
8 ! I -  
I 

- 
Q, - 0.105 

m a 

- 
2 

0.10 

I .  

v 0.6 

~90.0 
v.1.0 

uncorrelated 

I I 
0.0951 I 1 I 1 I 

0.60 0.66 0.84 062 0.80 0.50 0.56 0.54 

Order Parameter S 

FIGURE 2 Variation with S of pair correlated integral assuming isotropic correla- 
tions, J,, . b,/b, = 2.4. Curves are shown for b, = v 2 d q ,  for various v and for the 
totally correlated and uncorrelated cases. 

Clearly the shortest wavelength fluctuation must be at least as long 
as b, and so b, = v 2 d q C  for some v G 1. Faber has suggested that 
for a nematic composed of hard spheres with packing fraction 0.4, v - 0.64.8 By the same reasoning, for hard spheroids with packing 
fraction p ,  D

ow
nl

oa
de

d 
by

 [
T

om
sk

 S
ta

te
 U

ni
ve

rs
ity

 o
f 

C
on

tr
ol

 S
ys

te
m

s 
an

d 
R

ad
io

] 
at

 1
4:

22
 1

9 
Fe

br
ua

ry
 2

01
3 



SHORT RANGE CORRELATION 32 1 

Since there is long-range orientational order we would expect p > 
0.4, but bJb, > 1 also and so 43, is likely to be only weakly shape 
dependent for small values of b,/b,. Therefore we would expect v = 

For the purpose of comparison we have shown in Figure 2 Jll for 
several values of v and also for no correlation and total correlation. 
The totally correlated case appears to be a good approximation only 
when the shortest fluctuation wavelength is significantly longer than 
(-5 - 10 times) b,, i.e. when there is very little disorder at lengths 
of 2-3 molecular widths. Clearly for v - 0.6 the S dependence of J, ,  
is closer to that for no short-range correlation. 

The obvious limitation of the above considerations is the neglect 
of the anisotropy of the correlations. We discuss this briefly in the 
next section. 

0.55 - 0.6. 

V. ANISOTROPY OF THE CORRELATIONS 

In reality, because the bend elastic constant K3 is larger than the 
splay elastic constant K1, the orientational correlation between two 
molecules is likely to be larger when R is parallel to the director than 
when it is perpendicular to it. We can include this anisotropy in the 
R.P.A. averages of correlated terms if the degree of uncorrelation a 
depends on the direction as well as the magnitude of R. 

In the appendix an approximate analytical expression is derived 
for a(R). For PAA at S = 0.669,0.562, using data from References 
1 and 2, we find that the anisotropy of a is less than +20% and is 
only weakly temperature dependent. (This may help to justify the 
assumed temperature independence of b,lb,.) We can try to quantify 
the effect of this small anisotropy by calculating the pair-correlation 
dependent term in equation (5) with an isotropic excluded volume 
(for isotropic correlations this integral vanishes). Now RR cannot be 
replaced by a diagonal molecular tensor since the correlations are 
not independent of the azimuthal angle in molecular axes, e.g. the 
parallel component is given by 

In Table I we give some values of L for PAA, for various S. Clearly 
the integral is nearly two orders of magnitude smaller than J, , .  We 
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322 S .  L. ARAMBEPOLA and K .  D. LEAVER 

TABLE I 

Values of integral L for PAA for b, = b, = v X 2dq, 

0.6 0.8 

378 0.669 0.237 x 0.203 x 
383 0.646 0.221 x 10-2 0.193 x l o -*  
388 0.620 0.210 x 10-2 0.187 x 
393 0.597 0.190 x 0.173 x lo-'  
398 0.562 0.170 x 0.160 x 

conclude that the anisotropy of the hard core is much more important 
than that of the correlations. 

In order to express the anisotropy of the correlations relative to 
molecular axes it is necessary to consider the change locally of the 
elastic constants resulting from the disorder. Thus the correlations 
between fluctuations must be described and so the random phase 
approximation should be abandoned. This can be avoided by simply 
using the anisotropic a(R) in the expressions for (nini 1 njnj) in equa- 
tion (7). The resulting integral L,, is shown in Figure 3. However the 
physical interpretation of the integral is now not clear. Since we have 
found that the anisotropy of the correlations is small, we shall assume 
that the isotropic case is a good approximation to the correct value. 

VI. EXPRESSION FOR NEGLECTING CORRELATIONS 

We now consider how we may obtain an expression for e. Using the 
approximations described in section 111, the average in (4) can be 
evaluated in the limiting cases of no short-range correlation and total 
orientational correlation. The latter leads to a formula similar to that 
derived by Bordewijk and de JeuS (see section 11). However, from 
Figure 2, the uncorrelated value of J, ,  is -9% less than its value when 
b, = 0.6 x 2 d q ,  while the totally correlated value is -19% larger 
than this value. Therefore if we assume that these results hold qual- 
itatively for higher order correlations too, we would expect the un- 
correlated case to lead to a better approximation to e. The term 
containing J is likely to contribute -25% of the value of H, which 
suggests -3% error from the neglect of local ordering. 

In the absence of short range correlation, we have 
- ~ - -  

TYa'Tjkak . . . . a ~ ) ~  = ( l r i l r ; ~ i j ) o ( ~ j ~ j k ) , ~ ( a k ~ k i ) , ,  . . . . (a') 

and for a large number of molecules N ,  such that N' + O(N'-.') - 
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SHORT RANGE CORRELATION 
r 

-J’ * 0 . 1 5 7  

.6 

8 

c m p 0.145- 
L 

‘8 O W -  

8 c 0.135- 
m 
.c r 
3 0.13- 

P 
c P 

3 
i? 

.- C 0.125- 

m 
L 
if) 0.12 - 

.L 0.115- 
d 

\\\ - 
0 

0.11 - 
? 

Q, = 0.10 

0.80 0.64 0 0 2  0.6 0.58 0.56 0.54 

323 

Order Parameter S 

FIGURE 3 Variation with S of pair correlated integral assuming anisotropic corre- 
lations, L,, for the liquid crystal PAA. Curves are shown for b, = Y 2 d q ,  for various 
v and for the totally correlated and uncorrelated cases. 

N‘, since (a’ Tik), (a’) are independent of j , k ,  writing A’ = (I - 
cjTiiai + ~ . T i i a i ~  Tikak - . . .) J k 

2 ((piAi.e)(pi’Ai’.e))o 
i i’ 

= 2 2 ( (pi  - NpiTij(I + (ajTjk))-’(ak)).e 
i i’ 
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324 S. L. ARAMBEPOLA and K .  D. LEAVER 

Writing Df = Npi (Tj(aj) - (ajTjk)), since (a’Tjk) is diagonal, (9) 
becomes 

- 

2 c. ((piA’.e)(pi’Ai’.e)),, 
I i’ 

= c. ((pi - Di).e(pi‘ - Di’).e),, e(1 + (a’ Tj“))-’.e 
i i ‘  

- 
(ajTjk) can be evaluated as in section 111, but more simply, to give 

where 

(R) u =  -- I d 3 R g - ( I  - 3R2) 
4T v1 R3 

For g as in (8), U = 1/3 I - a, where is the depolarising tensor 
of the ellipsoid E .  
Similarly, 

( (pi  - Di).e(pi - D’).e),, = e(M1I + (Mi - M:)(nn)) * e 

where 

and 

Thus if as usual we write 

( ( p i  - Di).e(pi’ - D’).e) 
( (pi  - D’).e(p’ - D’).e) g,, = 1 + c 
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SHORT RANGE CORRELATION 

then from (4) 

325 

Hence in addition to the long-range orientational order effects, there 
is an effective contribution to the dipole moment as a result of the 
anisotropy of the molecules, AU, even when short-range order is 
neglected. 

As usual we can derive cw from the extrapolated high frequency 
permittivity E,. From (3), summing terms as in (9), 

and (aIT’i> is given by (10). 

VII. COMPARISON WITH EXPERIMENTAL DATA 

In general, verification of expressions for E is difficult because of the 
uncertainty in the values of the various molecular parameters, e.g. 
a,p .  For polar molecules it is further complicated by the lack of a 
model for the degree of permanent dipole anti-parallel ordering; an 
alternative expression for E just provides another possible value for 
&. For the refractive index (and the permittivity of non-polar mol- 
ecules) this latter problem does not arise and so we will compare 
theory with the experimental data in this case. 

From (11) and (lo), for g(R) as in (8), 

AL [ h + Aa( (nn), - i)] 
Y = 1 1 9 1  (12) 

V E O  
E,, = 1 + 
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326 S .  L. ARAMBEPOLA and K. D. LEAVER 

where 

- 1 2 - 1  2 
a = - a11 + - a1, 3 3 3 3 aa = - allall + - a1a1, 

Equation (12) is rather similar to the expression derived by Palffy- 
Muhoray and B a l ~ a r i n i . ~ . ' ~  However they assumed that the polari- 
sation P and the local field F satisfy (P) = (a * F) = (a) (F), while 
we have found that the second equality does not hold for anisotropic 
molecules. 

We have calculated values for the components of the refractive 
index rill, n, ,  for PAA from (12) (with n; = elv) and from the totally 
correlated case as in Reference 6, i.e. from 

r 

We have used values from Reference 6 for a, b, and b,. Since (12) 
and (13) are identical for S = 1 we have used the value of a calculated 
from the solid state refractive indices. The values of b, and b, are 
those generated from the crystallographic data. S and the density p 
are from References 1 and 14 respectively. Figure 4 shows the per- 
centage deviation of the calculated n; - l (y  = 1 1 ,  I) from the 
measured value15 as a function of S. The two sets of curves correspond 
to equations (12) and (13). 

From Figure 4 it is clear that both sets of curves deviate from the 
measured value in a very similar way, which suggests a common error. 
In fact, the deviation is consistent with errors in the values of E ,  Aa 
and indeed, e.g. E2/p is different for the nematic phase and solid 
phase data. This effect appears to dominate any which might result 
from the neglect or otherwise of short-range correlation. There is no 
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FIGURE 4 The percentage difference of calculated ep) - l(y = 1 1 . 1 )  from the 
measured value c, - 1 as a function of S for PAA. The curves TC,,, TC, show the 
results using the totally correlated formula and UC,,, UC, show the results using the 
uncorrelated formula. 

indication that (12) is a better approximation than (13). However, if 
the treatment of correlation were the only error, we would expect 
the measured value to lie between the two calculated ones. Since this 
is not the case it is difficult to determine the degree of correlation 
suggested by the data. 

Equation (13) was derived in order to satisfy the conditions that 
An2/p - S and (EZ - l)/p - constant, obtained from the experimental 
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328 S. L. ARAMBEPOLA and K. D.  LEAVER 

data. Since the values of rill, n ,  calculated from (12) and (13) are very 
similar it follows that (12) too has these properties to a good ap- 
proximation. Therefore it seems that the observed temperature de- 
pendence of the refractive indices may be obtained without any as- 
sumption about the degree of correlation as long as the dependence 
of g(R) on the orientation of the molecules is properly accounted for. 
The close agreement between the totally correlated and uncorrelated 
cases may be seen as a justification for the empirical equation (13). 
However, the different S dependences may be significant to the cal- 
culation of the static permittivity. 

VIII. CONCLUSION 

We have investigated the effect of short-range orientational corre- 
lation on the term in the expression for E which describes two-particle 
interaction and found that it is likely to be small. Therefore we have 
averaged over molecular orientations neglecting the effects of local 
ordering and hence obtained a relationship between E, the molecular 
parameters a, p, fl and the order parameter S. This equation both 
describes an anisotropic internal field and predicts, to a good ap- 
proximation, the temperature dependence of the refractive index 
data. Theoretical considerations suggest that it should be an improve- 
ment on previous expressions for E. However, because of the difficulty 
in extracting molecular parameters from the experimental data, we 
have not yet been able to determine whether this is in fact the case. 
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SHORT RANGE CORRELATION 329 

APPENDIX 

A method for predicting the degree of short-range correlation using 
continuum theory has been given.8 However, the calculation has been 
simplified by considering isotropically averaged correlations. In this 
appendix we will remove this simplification and determine approxi- 
mately the anisotropy of the correlations. We use the notation of 
Reference 8. 

For a single fluctuation JI = I),, cos (q R), the difference between 
the twists at R, and R, is 

Averaging over Ri + Rj for fixed Ri - R, gives 

Taking a thermal average and so substituting for $0 its average value, 

where y = 1,2 for a splay/bend, twist/bend mode respectively, and 
q = (q sin 0 cos cp, q sin 0 sin cp, q cos 0). 
Summing all modes, retaining an isotropic cut-off for the fluctuation 
wavelengths, 2 d q , ,  and using the definitions of X and K 
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330 S. L. ARAMBEPOLA and K. D. LEAVER 

where e,, is the angle between q and R. 
Thus we define a ( R )  analogously to a(R)  by 

cos(qR cose,,) sine dedqdq 
a(R)  = 2 -- 4Trq, y =  ’ 1 I ( K ,  sin% + K3 cos28) 

The integral M appearing in this expression cannot be evaluated 
straightforwardly. However the R dependence is contained in the 
term cos(qR cose,,) and the denominator is just a “weighting” factor 
indicating the fluctuation amplitude for each q. Therefore we sub- 
stitute 

”’- K ,  I \K, K , )  ‘‘I I 

1 
( K ,  sin20 + K ,  cos28) 

D, = 

and assume that the anisotropy with respect to R will not be signif- 
icantly altered. The two expressions are equal for cos0 = 0 and cos0 
= 1. K, is obtained by a least squares estimate fit of D, to D, for 0 
= 0 to 7 ~ .  This yields 

3 3 1 

where 

With this substitution and by taking the polar axis parallel to R we 
can write for M, 

M -’I I cos(qR case,,) sine,, 02(e) do,, dqJqRdq 

Writing case = case,, cose, + sine,, sine, cos(q,, - 9,) where R 
= (R, 0,. q,) w.r.t. the fixed z (extraordinary) axis, the expression 
can be integrated to yield D
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